We revisit the rates of neutrino pair emission and absorption from nucleon-nucleon Bremsstrahlung in supernova matter using the T -matrix formalism in the long wavelength limit. Based on chiral effective field theory (χEFT) two-body potentials, we solve the Bethe-Goldstone equation accounting for the in-medium T -matrix including non-diagonal contributions. Our calculations consider nucleons with arbitrary degree of degeneracy and hence account for final state Pauli blocking. We compare our results with one pion exchange (OPE) rates, commonly used in supernova simulations, and calculations using an effective on-shell diagonal T -matrix from measured phase shifts. We also estimate that multiscattering processes and RPA correlations introduce small corrections on top of the in-medium T -matrix results at subsaturation densities.
INTRODUCTION
Neutrino interaction with nucleons in proto-neutron star (PNS) (Burrows et al. 2006 ) plays a crucial role in many aspects of core-collapse supernovae (CCSNe), such as the explosion mechanism (Burrows 2013; Janka et al. 2007; Janka 2012) as well as the synthesis of heavy elements in neutrino-driven winds (Arcones & Thielemann 2013; Martínez-Pinedo et al. 2016 ) and the long-term neutron star cooling (Yakovlev et al. 2001; Yakovlev & Pethick 2004) . Three-dimentional (3D) simulations with detailed neutrino transport have shown that explosions are very sensitive to neutrino opacities even at the level of 10%-20% (Melson et al. 2015; Burrows et al. 2018) . Therefore, an accurate description of neutrino interaction in hot and dense nuclear matter related to CCSNe is highly demanded.
We revisit the neutrino pair emission and absorption from NN collision in SN matter using T -matrix elements based on χEFT potentials following (Bartl et al. 2014; Bartl 2016) . Neutrino Bremsstrahlung N N → N N νν, its inverse N N νν → N N , and the related inelastic scatCorresponding author: Gang Guo g. guo@gsi.de tering N N ν → N N ν play key roles in changing the number density and energy for the heavy-flavor SN neutrinos and are thus important for determining the neutrino spectra formation (Raffelt 2001; Keil et al. 2003) . The most widely used Bremsstrahlung rate in SN simulations (Hannestad & Raffelt 1998 ) is based on the one-pion-exchange (OPE) potential in the Born approximation with only interactions among neutrons considered. As already mentioned by Hannestad & Raffelt (1998) , a proper treatment of NN correlations for general nuclear matter should be considered for a better description of neutrino Bremsstrahlung (see also Friman & Maxwell 1979; Sigl 1997; Yakovlev et al. 2001; Bartl et al. 2014; Pastore et al. 2015; Dehghan Niri et al. 2016 Riz et al. 2018 ). Modern nuclear interactions from χEFT have been used to study neutrino Bremsstrahlung based on the Landau's theory of Fermi Liquids (Lykasov et al. 2008; Bacca et al. 2009; Bacca et al. 2012; Bartl et al. 2014; Bartl 2016) . The necessity to go beyond the Born approximation was demonstrated by Bartl et al. (2014) using effective on-shell T -matrix elements extracted from experimental phase shifts (see also Sigl 1997; Hanhart et al. 2001; van Dalen et al. 2003) . It should be pointed out (Bartl et al. 2014) , however, that the use of on-shell T -matrix is only valid in the limit of zero energy transfer between nucleons and the neu-trino pair. For finite energy transfer, off-shell T -matrix elements are needed. van Dalen et al. (2003) also explored the in-medium effects on the T -matrix based on the Bonn C potential for neutrino Bremsstrahlung rates, but their study was limited to neutrino emissivities at conditions relevant to neutron stars. Bartl et al. (2014) performed the first calculation of NN Bremsstrahlung for arbitrary mixtures of neutrons and protons in supernova matter.
In this work we aim for an improved description of neutrino Bremsstrahlung that includes both off-shell matrix elements and Pauli blocking effects. We solve the Lippmann-Schwinger (LS) equation to obtain the vacuum T -matrix (Lippmann & Schwinger 1950 ) and the Bethe-Goldstone (BG) equation (Bethe 1956; Goldstone 1957) to account for in-medium effects in the Tmatrix. The Bremsstrahlung rate, or more precisely the associated structure factor S(q, ω), with q and ω the momentum and energy transfer, is obtained using the Fermi's golden rule in the long wavelength limit (q → 0), which is consistent with that derived from the finitetemperature linear response theory (see, e.g., Weldon 1983; Roberts & Reddy 2017) . To account for multiscattering effects and to get around of divergences at ω → 0, we introduce a relaxation rate parameter or width parameter whose value is determined from the normalization of S(q → 0, ω) (Hannestad & Raffelt 1998) . Our calculations are valid for general conditions since the Fermi distributions with the Pauli blocking of nucleons are always considered. We compare them to results using the Boltzmann distributions without blocking, which are only valid in the non-degenerate regions.
The paper is organized as follows. In Sec. 2, we calculate perturbatively the structure factor and the neutrino Bremsstrahlung rate, and then study the effects of using different nuclear matrix elements (vacuum T -matrix, in-medium T -matrix and OPE potential) with/without blocking, and with half-off-shell or on-shell matrix elements. In Sec. 3, we include the width parameter to normalise the structure factor properly, and then compare our results with the previous ones in the literature. RPA correlation effects are considered and studied in Sec. 4. We present summary and discussions in Sec. 5.
NEUTRINO BREMSSTRAHLUNG RATE:
PERTURBATIVE CALCULATION
Formalism
To study neutrino Bremsstrahlung and related processes, we consider the diagrams as shown in Figure 1 , including both the direct and the exchange contributions. Neglecting weak magnetism and pseudoscalar cor- rections, the amplitudes of the diagrams are
where |ab nas and |cd nas are normalized antisymmetric states of the initial and final nucleon pair, which are characterised by their relative momenta and spin projections (see Appendix B for more details). For neutrino pair absorption we have ω = (E ν + Eν) > 0. σ (i = x, y, z) are the Pauli matrices acting on the nucleon N a , l i are the spatial components of the leptonic weak current, C a A = g A /2 0.63 if N a is a proton and C a A = −g A /2 if it is a neutron, and G F is the Fermi coupling constant. Note that we do not include the vector terms in M (1, 2, 3, 4) since they are completely cancelled with each other in the non-relativistic limit within the Born approximation (Friman & Maxwell 1979; Raffelt & Seckel 1995; Hannestad & Raffelt 1998) . Going beyond the Born approximation and using the half-off-shell Tmatrix, the complete cancellation of the vector terms does not hold anymore. Nevertheless, its contribution is negligible compared to the axial-vector terms. V could denote either the nucleon-nucleon scattering T -matrix based on the χEFT potential of Entem et al. (2017) with cutoff Λ = 500 MeV or the OPE potential. For comparison with previous results (Friman & Maxwell 1979; Hannestad & Raffelt 1998; Bartl et al. 2014) , the OPE potential is treated in the Born approximation. In the limit of non-degenerate nucleons our OPE results are identical to those of Bartl et al. (2014) . We will use T to explicitly denote the scattering T -matrix based on the χEFT potential. Bartl et al. (2014) have shown, that at the Born approximation, OPE and χEFT potentials give similar rates at sub-saturation density as they are dominated by the long range part of the tensor force, that is well described by the OPE potential. However, they also showed that the low-energy resonant nature of the nucleon-nucleon interaction (Bartl et al. 2014) enhances the rates and requires to go beyond the Born approximation.
The total amplitude can be written into a more compact form as
where τ z is the z-component of the isospin operator with and τ z |n = |n and τ z |p = −|p , r runs over the two initial or final nucleons. The prime in the commutator denotes that the potential is evaluated at different values of the energy for the first ("positive") and second ("negative") terms, see the definition in Eq. (B38). For energy independent potentials, like the OPE or the chiral potential at the Born level, it reduces to the standard commutator. The squared amplitude can be divided into leptonic, L, and hadronic, H,
For an isotropic medium, we only need to consider the trace average of the hadronic part (Hannestad & Raffelt 1998) :
Note thatH is an scalar under rotations due to the invariance of the trace under basis transformations. The partial wave expansions ofH (nn) =H (pp) andH (np) = H (pn) are presented in Appendix B. The calculation of H requires the evaluation of the T -matrix elements in momentum space k f |T |k i , where
are the relative momenta of the initial and final nucleon pair, and only the initial or final nucleon pair is on-shell for finite values of ω (see Figure . 1), i.e. we deal with half-off-shell matrix elements. Here, we fully consider their contribution when we solve the Lippmann-Schwinger equation based on the χEFT potential of Entem et al. (2017) . Additionally, we include in-medium Pauli blocking effects (see Appendix A) when solving the Bethe-Goldstone equation. With such medium effects taken into account,H is a function of
and cos θ, where θ is the angle between k i and k f .
The response of nuclear medium can be described by the so-called structure factor or response function. For neutrino Bremsstrahlung in the long wavelength limit (i.e., we ignore momentum exchange 1 ), the axial struc-
, with λ, η=n or p, is given by (Hannestad & Raffelt 1998; Lykasov et al. 2008; Bartl et al. 2014 )
where n B is the total baryon number density, and f l are the Fermi functions. Throughout this work, we always take the non-relativistic energy-momentum relation, and correspondingly the non-relativistic chemical potential without including the rest mass. Note differently from the formalisms adopted in (Hannestad & Raffelt 1998) , we do not need to consider a symmetry factor for identical nucleon species since our matrix element is calculated for normalised antisymmetric nucleon states. In the perturvative limit of equation (4) the total axial structure factor, S σ , is simply
The structure factor in Eq. (4) with the Fermi distributions and blocking involves a multidimensional integral and can only be obtained numerically. In our numerical computation, we choose k i along the z-axis, and 1 Based on the OPE potential, we have estimated that the long wavelength limit introduces an error of 10% at the saturation density.
without loss of generality, set k a in the xz-plane with a polar angle denoted by θ a . We further denote the polar and the azimuth angles of k f by θ and φ. Once k i , k a , θ, φ, and θ a are specified, all momenta are then fixed, making Eq. (4) a five-dimensional integral. We use the Vegas subroutine in the CUBA library (Hahn 2005 ) invoking a Monte Carlo algorithm to evaluate all the multidimensional integrals in this work.
In the non-degenerate limit, we have
independent of all the angles, and S σ (ω) can be simplified to
where m N = (m n +m p )/2 is the averaged nucleon mass, and µ a,b are the non-relativistic chemical potentials of nucleons. Since d cos θP L (cos θ) = 2δ L0 , where P L is the Legendre polynomial, only the L = 0 component ofH contributes, see Eq. (B36). We use the subscript m (v) to refer to the in-medium (vacuum) T -matrix elements, and b (f ) when we use Boltzmann (Fermi) distribution without (with blocking) 2 . Throughout this work, we always take the bare nucleon mass for all our studies. For typical densities in the neutrino-sphere, the effective mass of nucleons is close to the bare value. At saturation density, χEFT calculations (Hebeler et al. 2009; Wellenhofer et al. 2014; Drischler et al. 2017) found an effective mass ∼ 0.9 m N . Using such a value for both protons and neutrons, the rates are only affected by a few percent.
When the vacuum T -matrix elements or the OPE potential are used,H (λη) is independent of K and integration over K can be analytically done with
2 Not to be confused with the medium blocking for the Tmatrix. From now on, we will always refer 'blocking' to the Pauli blocking of the final nucleon states as shown in Eq. (4), unless otherwise specified.
Once S σ (ω) is known, the inverse mean free path or opacity of a neutrino against neutrino pair absorption is
where k and f are momentum and distribution function of the counterpart (anti)neutrino, and θ νν is the angle between neutrino momenta. The spectrum of emitted neutrinos with a particular flavor per unit of solid angle is:
(9) The last expression neglects final state blocking by neutrinos and we have used the detailed balanced relation S σ (−ω) = S σ (ω) exp(−ω/T ). Assuming thermal distributions for neutrinos, we find φ(E ν )/λ
Similarly, the energy loss rate due to neutrino pair emission is
where the prefactor 3 accounts for three different neutrino flavors, and the final state blocking of neutrinos is neglected in the last expression.
Assuming the neutrino spectrum follows a Boltzmann distribution, f (E ν ) ∝ exp(−E ν /T ν ), with a neutrino temperature T ν = T , the energy-averaged pair absorption inverse mean-free path per neutrino can be expressed as
We use the inverse mean-free path per neutrino instead of the inverse mean-free path as the latter depends on the number of neutrinos that needs to be determined by full Boltzmann transport calculations.
Energy-averaged inverse mean free path using different treatments
As already mentioned above, we can perform calculations based on different schemes: vacuum T -matrix, inmedium T -matrix and OPE potential; each of them considering different approximations: either on-shell or halfoff-shell and the Boltzmann or Fermi distribution that includes final state blocking. In what follows, we firstly consider λ −1 A /n ν based on the vacuum/in-medium Tmatrix and the OPE potential, and explore the effects of the different approximations. As in Bartl et al. (2014) , we take the typical conditions in SN characterised by
and choose Y e = 0.1, 0.3 and 0.5 for the following studies. Figure 2 compares the results of λ −1
A /(n ν n B ) using the vacuum T -matrix, in-medium T -matrix and the OPE potential. By dividing by the explicit factor n B in Eq. (11), the value of λ −1 A /(n ν n B ) still increases with density as shown in Figure 2 due to the temperature dependence of Eq (12) that results in neutrinos with higher energies as the density grows. This will be further discussed when the normalized structure factor is introduced.
Compared to the OPE potential, the T -matrix leads to an enhancement of λ
, and a suppression above. The enhancement at low densities for the T -matrix is due to the resonant property of nuclear force (Bartl et al. 2014) . At high densities, higher relative momenta become more relevant for which the T -matrix elements are suppressed and hence the inverse mean-free path. Medium effects lead to an slight increase of the Bremsstrahlung rate by ∼ 10%. NN interactions at low energy are dominated by two partial-wave channels, 1 S 0 (nn and np) and 3 S 1 (only for np), with each having a large scattering length. The 1 S 0 component of the T -matrix element is gradually modified by medium effects, and for typical conditions encountered in SN matter, the absolute value of the imaginary part is suppressed for k 150 MeV, while the real part is enhanced for k 300 MeV. The net effect is to slightly increase the Bremsstrahlung rate.
As Y e increases, the 3 S 1 channel becomes important. Compared to the 1 S 0 channel, medium effects on the 3 S 1 component lead to an evolution of the real part from positive to negative values at small k as the density increases. The transition takes place around n B 4 × 10 −2 fm −3 and is related to the dissolution of the deuteron bound state when the blocking becomes large enough. Above the transition density, the real part of the diagonal T -matrix element in 3 S 1 channel will stay negative for all k, different from the vacuum T -matrix element that is positive at the low k region, leading to pole at energy corresponding to the binding energy of deuteron and a phase shift of δ = π at k = 0, see Eqs. (A15) and (A16). The increase in the rates around the transition density is mainly caused by a growth of the absolute value of the imaginary part of the T -matrix. Approaching the saturation density, the competition between the real and the imaginary parts starts to saturate the rates. Figure 3 shows the ratios of λ −1 A using the Boltzmann distributions without blocking to those using the Fermi distributions with blocking, where the halfoff-shell elements are used for both cases. The impact of blocking increases with density as the nucleon degeneracy increases. Using Eq. (12), the degeneracy parameter for neutrons can be expressed as n = E (n)
. We find that the Boltzmann approximations overestimate the opacity by ∼ 20% at n 0.5, i.e., at n B 10 −2 fm −3 , and by ∼ 50%-100% at n B 10 −1 fm −3 . As expected, the impact of the Pauli blocking is insensitive to the nuclear potentials used.
As given in Eqs. (A15) and (A16), the on-shell diagonal vacuum T -matrix is related to the experimentally measured phase shifts and mixing parameters (relevant only for coupled channels). This provides a method to estimate the on-shell diagonal elements of the Tmatrix. Following Bartl et al. (2014) , we use an effective on-shell element k |T |k to approximate the half-offshell and non-diagonal T -matrix element k f |T |k i with
. This approximation has been found reasonable for the OPE potential (Bartl et al. 2014) . When using the full T -matrix the effective on-shell matrix elements underestimates the rates significantly for densities n 10 −2 fm −3 by a factor up to 0.7, and overestimate them above (see figure 4) . Therefore, the use of the half-off-shell T -matrix is required to reach an accurate Bremsstrahlung rate.
NORMALIZED STRUCTURE FACTOR
The structure factor, S σ (ω), given in Eq. (4) in the long wavelength limit diverges as ω −2 for ω → 0, which is a common feature of any Bremsstrahlung-type process (Raffelt et al. 1996) . Though there is no divergence for the inverse mean free path λ −1 A studied in Sec. 2.2, it may lead to an unphysical enhancement of λ −1
A (E ν ) in the limit of E ν → 0. Hence, we want to obtain a well-behaved S σ (ω) and study how the related rates are modified. It's also provides a proper comparison with the existing studies with well-behaved structure functions (Hannestad & Raffelt 1998; Raffelt 2001; Bartl et al. 2014 ). This also allows to extend the calculations using the effective on-shell diagonal elements to those based on the half-off-shell/non-diagonal elements. The Femi distribution with blocking is used.
to include RPA correlation effects based on a smooth S σ (ω), as will be done in Sec. 4.
It has been suggested (see e.g., Hannestad & Raffelt 1998; Raffelt 2001; Lykasov et al. 2008; Bacca et al. 2009; Bacca et al. 2012; Roberts et al. 2012; Bartl et al. 2014; Roberts & Reddy 2017 ) that the structure factor can be regulated by replacing ω −2 with (ω 2 + Γ 2 ) −1 , where the width parameter Γ is introduced to characterise the spin fluctuation or relaxation rate. The axial response function can also be viewed as a spin auto-correlation function which is expected to have an exponential decay as exp(−Γt) at large time, leading to a Lorentzian form of S σ (ω) (Hannestad & Raffelt 1998; Raffelt 2001) . This is equivalent to consider that the nucleon propagator has a width due to nucleon-nucleon scattering in medium, i.e., replacing ω −1 by (ω + iΓ) −1 . Therefore, the proper renormalization of nucleons in medium (also called 'multi-scattering' effects in literature, Hannestad & Raffelt 1998 ) renders S σ (ω) a well-behaved function. Studies based on Landau's Fermi theory that compute an energy-dependent relaxation rate lead also to a wellbehaved S σ (ω) (Lykasov et al. 2008; Bacca et al. 2009; Bacca et al. 2012; Bartl et al. 2014; Bartl 2016) . Since the relaxation rate varies very slowly with ω, we find that S σ (ω) regulated by a constant width parameter Γ agrees within a few percent with the results of Bartl et al. (2014) .
The parameter Γ can be determined by the normalization condition as (Raffelt & Strobel 1997; Hannestad & Raffelt 1998 
with ε(k) = k 2 /(2m N ) and n B the total nucleon number density. Note that the above equation is exact for noninteracting system, and we assume that the main effect of nucleon-nucleon collisions is to increase the width of S σ (ω) while keeping the normalization. In what follows, we always refer S σ (ω) to the properly normalized structure factor, unless otherwise specified.
The normalized S σ (ω) can be expressed as a Lorentzian form as (Hannestad & Raffelt 1998; Raffelt 2001; Lykasov et al. 2008; Bacca et al. 2009; Bacca et al. 2012; Roberts et al. 2012; Bartl et al. 2014; Roberts & Reddy 2017 )
where s(ω) is a dimensionless quantity that contains additional energy dependencies originating from the nuclear correlations and blocking. For ω < Γ, s(ω) 1, and one has S σ (ω) 2/Γ; for ω > Γ, S σ 2s(ω)Γ/ω 2 that is fully determined by the perturbative calculation in Eqs. (4) and (5). Taking as a reference the calculation based on the inmedium T -matrix, we introducẽ
with Γ Tm , S Tm σ ands Tm the width and structure factors using the in-medium T -matrix. We present the comparison ofs(ω) in Figure 5 to show the relative differences of S σ (ω) for using different approaches. Results based on the fitting formulae of the structure factor from Hannestad & Raffelt (1998) consider only neutron-neutron interactions based on the OPE potential. To demonstrate the effects of the off-shell elements and blocking, we also show the results based on effective on-shell vacuum Tmatrix following the formalism of Bartl et al. (2014) , where the blocking effects are neglected and S σ (ω) is normalized to ∼ 1, see Eq. (13).
At low density condition where the blocking of the final nucleons can be ignored (see the left panel of figure 5) , we find an underestimation ofs(ω), or S σ (ω), at intermediate ω and an overestimation for high ω 20 MeV, when the effective on-shell T -matrix elements are used. This is also consistent with the results shown in Figure 4 , considering that S σ (ω) for ω ∼ 3T dominates the inverse mean free path, see Eq. (11). As density increases, the Pauli blocking starts to play a role, and its impact becomes comparable or even dominant over the one of off-shell effects (see the middle and the right panels). For ω 10 MeV, the off-shell effects and blocking, together, suppress S σ significantly. It is also interesting to notice that s(ω) based on the half-off-shell T -matrix including the blocking is close to 1 with a maximum deviation of ∼ 40%. For s(ω) ∼ 1, S σ (ω) based on Tmatrix is simply determined by the width parameter, see Eq. (14).
The behavior of S σ (ω) for high values of ω region is very important to the energy-averaged opacity against pair absorption (and Bremsstrahlung energy loss rate) due to the factor of ω 5 (ω 6 ) in the integral [see Eq. (11) and Eq. (10)]. As will be shown later, the combined effect of off-shell elements and blocking on S σ (ω) at high ω can give rise to notable differences in λ −1
A . Compared to T -matrix, the OPE potential gives rise to a very different S σ (ω), ors(ω). Since S σ (ω → 0) 2/Γ, the value ofs(ω) at small ω is determined by the width parameter Γ. As discussed above, the resonance property of nuclear force exhibited in T -matrix at low density (temperature) causes a larger Γ and thus a smaller S σ (ω) ors(ω) at small ω. On the other hand, the T -matrix elements decrease rapidly with relative momenta, we therefore expect a smaller S σ (ω) at high ω, and a smaller Γ (thus a larger S σ (ω) at small ω) at high density (temperature), compared to the OPE results.
Studies in Hannestad & Raffelt (1998) consider only neutron-neutron interactions and hence our OPE results are close to them at low Y e . Aside from the relative small errors introduced in the fitting formulae of S σ (ω) in Hannestad & Raffelt (1998) , the remaining differences are due to the use of different πN N coupling constants. We use [g A /(2F π )] 4 in calculating the matrix element The corresponding values of Γ/n B required to normalize S σ (ω) are shown in Figure 6 as a function of density. At densities around 0.01 fm −3 , Γ can be as high as a few MeV. As already mentioned above, the resonance property at low energy/density and a rapidly decreasing T -matrix element with relative momenta are responsible for the enhancement/suppression of Γ at low/high density, compared to the OPE results. Further more, the behaviours of Γ/n B based on T -matrix and the OPE potential can be understood in a more quantitative way as follows. The T -matrix is dominated by the two resonance channels, 1 S 0 and 3 S 1 for ω → 0, hence the corresponding hadronic part of the matrix element,H(k, k), varies with the relative momenta as
, where a S=0,1 are the scattering lengths. For comparison, the OPE potential leads to a different hadronic part, which takes a form likeH(k, 1998 ). We consider the non-degenerate conditions where k ∼ √ T m N , and from the power counting of T in Eq. (7) for the unnormalized structure factor S (0)
for using T -matrix, and Γ/n B ∝ T (m N T + η m
for using the OPE potential, with the coefficients η, η ∼ O(1). Using the physical values for a S=0,1 , m π and m N , one can explain the behavior of Γ/n B with density (or temperature) based on the T -matrix or OPE potential shown in Figure 6 . We present an analytic fit of Γ/n B based on the vacuum T -matrix for all the conditions relevant to SN in Appendix C. For those conditions considered, the fitting formulae agree with the numerical results within 5%. The values of Γ can provide a fast estimation of λ 
. For the case of using T -matrix, the above analytical expressions typically underestimate the rates by 30% at n B 10 −2 fm −3 , and lead to rates close to the numerical results at n B 10 −1 fm −3 . Figure 7 compares the results of λ −1 A /(n B n ν ) based on different normalized structure factors. The differences are simply due to different S σ (ω) at high ω, as shown in Figure 5 . It should be also emphasized λ −1 A based on the normalized S σ are only slightly smaller (by up to ∼ 10%) than those based on the unnormalized S σ , see Figure 2 . Therefore, the studies of λ −1 A based on the unnormalized S σ (ω) in subsection 2.2 still hold.
A more relevant quantity to neutrino transport in supernova matter is the energy-dependent opacity against pair absorption, λ
−1
A (E ν ), defined in Eq. (8), and the neutrino emissivity from nucleon-nucleon Bremsstrahlung, φ(E ν ), defined in Eq. (9). Since φ(E ν ) does not depend on the (anti)neutrino number density if the Pauli blocking is neglected, we choose to show in Figure 8 φ(E ν ) at n B = 0.001, 0.01 and 0.1 fm −3 , respectively, for Y e = 0.1. Note that λ
A (E ν ) can be obtained simply from φ(E ν ) with
At low density (temperature) or for low E ν , T -matrix with half-offshell matrix elements gives rise to the largest emissivities. As density (temperature) or E ν increases, using the effective on-shell T -matrix or the OPE potential overestimates the emissivities. For the range of density and E ν explored in Figure 8 , the ratios of emissivities based on the effective on-shell T -matrix and the OPE potential to those based on the in-medium T -matrix with half-off-shell elements range from ∼ 0.5-1.8 and ∼ 0.7-5, respectively. Same as for the energy-averaged inverse mean free path λ
A , medium effect on T -matrix increases φ(E ν ) by (10-20)%.
RPA CORRELATIONS
In addition to the multi-nucleon broadening effects discussed above, there is another correlation effect that has been investigated within the framework of the RPA (Burrows & Sawyer 1998; Reddy et al. 1999) . The advantage of our perturbative calculation of nucleonnucleon collisional broadening is that one can consider the RPA effects separately. We discuss in this section how the RPA correlation affects the response function as well as the related rates.
The response of nuclear medium to weak current can be studied systematically within the framework of the finite temperature field theory. Specifically, the axial dynamic structure factor S σ (q, ω) is given by the imaginary part of retarded polarization function Π(q, ω) (Fetter & Walecka 1971) :
where
with n
n,p = ψ † n,p σ 3 ψ n,p the z-component of spin density operator, θ the Heaviside step function, and the commulator bracket defined as [X, Y ] ≡ XY − Y X. We introduce the factor 1/n B in Eq. (16) to make it consistent the structure factors defined above, see Eq. (13). The polarization function can be calculated via diagrammatic expansion in the imaginary-or real-time formalisms, with the imaginary part giving the structure factor. An equivalent and more direct way is to use the cutting rules (Weldon 1983; Bedaque et al. 1997) , and Im Π(q, ω) or the structure factor S σ (q, ω) is determined by the Fermi's golden rule with proper statistical factors for the related nucleons [see, e.g., Eq. (4)].
The RPA provides a formalism to account for the correlation effects by summing an infinity number of ring diagrams (Fetter & Walecka 1971; Burrows & Sawyer 1998; Reddy et al. 1999) . Taking number density correlation for systems composing of one species as an example, the correlation function at the RPA level takes a form as Π RPA (q, ω) = Π u (q, ω)/(1 − v(q)Π u (q, ω)), where Π u (q, ω) is the unit diagram and v(q) is the spin-independent potential. Without considering the exchange diagrams, the unit diagram is simply oneparticle-irreducible (1PI). As adopted in previous literature (Burrows & Sawyer 1998; Reddy et al. 1999) , Π u (q, ω) can be taken to be the free polarization function Π (0) (q, ω), which has an analytical expression and is the same for both density-density and spin-density-spindensity correlations (Burrows & Sawyer 1998; Reddy et al. 1998) . For axial response function studied in this work, we choose to consider the RPA corrections on top of the our calculated structure factor S σ (ω) which has already incorporated the collisional broadening. We follow the formalism of Burrows & Sawyer (1998) based on a spin-dependent potential (see also Reddy et al. 1999; Horowitz & Schwenk 2006; Horowitz et al. 2017) . In principle, RPA calculations should be based on the same chiral potential used for the T -matrix (Entem et al. 2017) , however the choice of Burrows & Sawyer (1998) leads to nucleon scattering rates within ∼ 10% of the model-independent studies based on virial expansion at low density region (Horowitz & Schwenk 2006; Horowitz et al. 2017 ). On general grounds RPA effects on the Bremsstrahlung rates are expected to be smaller than for scattering and hence following the approach of Burrows & Sawyer (1998) provides a simple-to-implement method to quantify their relevance.
For a nuclear system consisting of protons and neutrons, the axial structure factor (or the corresponding polarization functions) takes a 2×2 matrix form as (Burrows & Sawyer 1998)
where the different entries in the matrix contain contributions due to NN collisions described by the T -matrix. The total axial structure factor S σ entering is given by
), see eq. (5). Despite the fact that Burrows & Sawyer (1998) scattering and we are interested in Bremsstrahlung, we find that their eq. (47) also applies exactly to our case and the structure factor that includes both collision effects accounted by the T -matrix and RPA correlations is given by:
with v GT = 4.5 × 10 −5 MeV −2 and Π(ω) is given by Figure 9 shows how the normalized S σ (ω) in Eq. (13) based on different nuclear matrix elements is affected by RPA at different conditions with R ≡ S RPA σ (ω)/S σ (ω). The effect of the RPA correlation is to reduce S σ (ω) at low ω region due to a negative Re[Π(ω)], and to increase it slightly at high ω as Re[Π(ω)] turns positive. We also show in Figure 10 the RPA effects on the static structure factor [or the normalization of S σ (ω), see Eq. (13)] in the long wavelength limit, which is defined as
For comparison, we also present the mean-field or Hartree results (Reddy et al. 1998) in Figure 10 . In this case S σ,q=0 is simply given by Eq. (13), as our normalized S σ (ω) without including the RPA effects. RPA correlations reduce S σ,q=0 , consistent with the studies based on virial expansion (Horowitz & Schwenk 2006; Horowitz et al. 2017 ). We find a very similar reduction due to RPA correlations for the mean-field case and the ones that consider collisions based on the T -matrix. This justifies our assumption that the nucleon-nucleon collisional broadening does not affect the normalization of S σ (w), but just redistribute the strength in a broader energy region. considering the effects of Γ and the RPA correlation to those based on the unnormalized Sσ(ω), as functions of density for Ye=0.1, 0.3 and 0.5, respectively. Figure 11 shows the effects of the RPA correlations and the width parameter Γ on λ −1 A as functions of density. As discussed above, the inclusion of Γ only affects S σ (ω) for ω Γ. However, λ −1 A is determined by S σ (ω) at high ω and hence the effect of Γ is rather insignificant, reducing the rates by up to a few percent at subsaturation densities. The average rate, λ −1 A , is enhanced slightly by the RPA effects, due to the increased S σ (ω) in the high ω region, see Figure 9 . The combined effect of Γ and RPA is ∼ 3% at most.
The effect of RPA correlations on the energy dependent inverse mean-free-path λ A (E ν ) including RPA correlations to that without. The impact is similar to the one on S σ (ω) shown in Figure 9 , i.e., a suppression at low energy region and an enhancement at high energy. We find that the effects become significant only for n 0.01 fm −3 and can reach up to 10% near the saturation density, consistent with that shown in Figure 11 for λ −1 A .
SUMMARY AND CONCLUSIONS
We have revisited the rate of neutrino Bremsstrahlung in supernova matter in the long wavelength limit and investigated the effects of different treatments in a systematic way. The vacuum/in-medium T -matrix for NN scattering with half-off-shell elements obtained by solving the Lippmann-Schwinger/Bethe-Goldstone equation based on χEFT potential has been used to study the Bremsstrahlung rates, to be compared with those based on the OPE potential and the associated diagonal/onshell matrix elements. For a broad range of density, temperature and Y e relevant to supernova conditions, we have considered the blocking of the final nucleons, which is to be compared with the studies using the Boltzmann distribution without blocking. We have also explored the effects of the width parameter, to account for multiscattering effects, and RPA correlations on the structure factor and the related rates. Uppon demand, we can provide a table with the numerical values of the structure factor, S σ (ω) for a broad range of temperature, density and Y e conditions reached in supernova simulations. Alternatively, Appendix C provides an approximate expression for the structure factor that is accurate to ∼ 30%. Taking Eq. (12) to characterise the typical SN conditions, our studies show that ignoring the blocking of the final nucleons overestimates the rates by ∼ 20% at n B = 0.01 fm −3 (ρ ≈ 1.7×10 13 g cm −3 ), and by ∼ 50%-100% at n B = 0.1 fm −3 (ρ ≈ 1.7 × 10 14 g cm −3 ). Using the effective diagonal/on-shell T -matrix elements underestimates the rates by ∼ 50%-70% at n B = 10 −4 fm −3
(ρ ≈ 1.7 × 10 11 g cm −3 ), and by ∼ 30%-50% at n B = 10 −3 fm −3 (ρ ≈ 1.7 × 10 12 g cm −3 ), with the effects getting stronger with increasing Y e . Close to the saturation density, the effective on-shell T -matrix gives rise to an enhancement by ∼ 20%-40%. We therefore argue the half-off-shell T -matrix elements are required for an accurate study of the Bremsstrahlung rate. We confirm the results of previous studies (Bartl et al. 2014; Bartl 2016 ) that using the T -matrix element instead of the OPE potential leads to an enhancement by a factor of 2-5 at n B = 10 −4 fm −3 (ρ ≈ 1.7×10 11 g cm −3 ) due to the resonance property of NN force, and a suppression at densities above ∼ 2×10 −3 fm −3 (ρ ≈ 3.3×10 11 g cm −3 ). We also find the medium effect on T -matrix, i.e., using the so-called in-medium T -matrix, typically increases the rates by 10%-20%.
Following Hannestad & Raffelt (1998) , we introduce a width parameter or spin relaxation rate Γ to normalise the axial structure factor S σ (ω) and to have a proper comparison with the previous studies in the literature (Raffelt 2001; Lykasov et al. 2008; Bacca et al. 2009; Bacca et al. 2012; Bartl et al. 2014) . The effect of Γ is to suppress S σ (ω) at low ω region, and we find the rates based on the normalized S σ (ω) are only reduced by a few percent for densities above ∼ 0.01 fm −3 (ρ ≈ 1.7 × 10 13 g cm −3 ). Comparisons of neutrino pair absorption/emission rates based on our normalized S σ (ω) to those from Hannestad & Raffelt (1998) and Bartl et al. (2014) are summarised in Figures 7 and 8 , respectively. We find the relative ratios of our results using T -matrix to those from the previous literature could be either as small as ∼ 0.2, or as large as ∼ 5 for different regions of density and E ν considered. The difference from Bartl et al. (2014) originates mainly from off-shell effects on the T -matrix as well as the blocking of the final nucleons.
Effects of the RPA correlation on top of the normalised S σ (ω) that incorporates collisional broadening are further explored. We find S σ (ω) is reduced significantly at low ω and slightly enhanced at high ω. Though the normalization of S σ (ω) is reduced, which is also consistent with prediction from virial expansion, the energyaveraged inverse mean free path λ −1 A is slightly enhanced by (2-3)% below the saturation density. Same as S σ (ω), λ −1
A (E ν ) is suppressed at low E ν and enhanced at high E ν by the RPA correlations, but only by a negligible factor within a few percent for relevant conditions.
The impact of neutrino Bremsstrahlung rates beyond OPE has been explored in 1D supernova simulations (Bartl et al. 2016; Fischer 2016 ) (see also Raffelt 2001; Keil et al. 2003 , for studies based on Bremsstrahlung rates using the OPE potential). Our calculations based on the half-off-shell T -matrix, similarly to those of Bartl et al. (2014) , predict a low density resonant enhancement of the Bremsstrahlung rate λ −1 A and a suppression at high densities when compared with OPE results (see Figure 7) . Bartl et al. (2014) predict a transition density that is typically smaller than the values reached at the neutrinosphere that moves from ρ ∼ 10 12 g cm −3 to 10 14 g cm −3 as the protoneutron star deleptonizes. Hence, the net effect in the supernova simulations of Bartl et al. (2016) is a reduction of the Bremsstrahlung rate by a factor of ∼ 2-5 when compared with OPE rates. Such reduction translates in a minor change of the neutrino luminosities ( 5%) and a small increase of the averaged energies E ν within 1 MeV. In our calculations, the transition density is shifted to higher densities similar to the ones at the neutrinosphere. This may indicate an even smaller impact on the neutrino emission of the rates presented here. However, given the non-linear nature of neutrino processes in supernova matter a fully self-consistent simulation is required to quantify their impact.
We expect the improved treatment of the NN interaction presented in this work will significantly affect the inelastic scattering process, ν +N +N → ν +N +N , which should exhibit more relevance in SN dynamics (Sawyer 1995; Raffelt & Strobel 1997; Hannestad & Raffelt 1998; Raffelt 2001; Melson et al. 2015; Burrows et al. 2018; Kotake et al. 2018) . In principle, the same structure factor, S σ (q, ω), governs both neutrino scattering and Bremsstrahlung as well as pair absorption on nuclear medium, though different regions in (q, ω) are relevant to each process, i.e., q 2 ≤ ω 2 for pair absorption and Bremsstrahlung, and q 2 ≥ ω 2 for inelastic scattering. To obtain S σ in this work, we have taken the long wavelength limit and therefore ignored the recoil of nucleons. This is a good approximation for studying pair absorption and Bremsstrahlung, since the recoil energy, E r , is always negligible compared to the energy transfer or the width parameter, i.e.,
1/2 ω max(ω, Γ) with P N the typical nucleon momentum. We have checked by using the OPE potential that nucleon recoil affects the associated rates by only a few percent for typical SN conditions. It is, however, not the case for inelastic scattering, since q is typical at the order of E ν , E ν , and could be much larger than ω = E ν − E ν , which vanishes in the elastic limit. Therefore, the nucleon recoil is no longer negligible (Raffelt 2001) . We argue that the studies of S σ (ω) in this work should still be reliable for studying neutrino scattering in the limit of
In the opposite limit where Γ is negligible compared to E r and ω, S(q, ω) has a analytical expression including the recoil effect (Burrows & Sawyer 1998; Reddy et al. 1998; Raffelt 2001) . We plan to provide a full treatment of S σ (q, ω) incorporating both the collisional broadening and the nucleon recoils in the future work.
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APPENDIX

A. T -MATRIX ELEMENTS IN VACUUM/NUCLEAR MEDIUM
The relevant formulae for obtaining the T -matrix elements in vacuum/nuclear medium are shown below.
A.1. vacuum T -matrix
The vacuum T -matrix can be obtained from the Lippmann-Schwinger (LS) equation as
where k (k ) is the relative momentum between the two incoming (outgoing) nucleons, and we adopt the notation k ≡ |k|. We usually call the T -matrix on-shell when E = k 2 /m N = k 2 /m N , half-off-shell when one of them holds, or off-shell when neither holds. Bartl et al. (2014) and Bartl (2016) have developed a formalism for the calculation of matrix-elements of NN Bremsstahlung in partial waves components within the long-wavelength approximation in the pn-formalism. In the following, we present an alternative derivation using the isospin formalism.
B. MATRIX ELEMENTS FOR NN BREMSSTRAHLUNG IN PARTIAL WAVES COMPONENTS
Let us consider the process (see Fig. 1 )
where N stands for either a neutron, n, or a proton, p. Energy and momentum conservation imply:
In the following, we will consider the limit in which neutrinos carry away zero momenta q ≈ 0. We define the relative momenta of the nucleons as
As the center of mass momentum of the nucleons is conserved, we consider states that are characterized by the relative momenta of the nucleons and their spin projections, |ab = |k s a s b normalized such as
We can build fully antisymmetric states using the permutation operator as P 12
States of good spin and isospin are obtained as: 
where we use the convention of neutrons having isospin projection 1/2. Expanding the plane wave states into partial waves we obtain:
withk the unit vector in the direction of k and k = |k|. The partial wave states are normalized as:
Coupling the orbital angular momentum and spin we finally have states:
We can build normalized antisymmetric states using the permutation operator, e.g.,
Notice that due to the fact that we use normalized antisymmetric states the sums in equation (B36) are restricted to combinations of l, S, and T such as l + S + T = odd, see eq. (B28). For T z = 1 we have S i = S f = 1 while for T z = 0 we have T i = 0, T f = 1 or T i = 1, T f = 0 and either S f > 0 or S i > 0. As shown in Figure 5 ,s(ω) based on both the vacuum and in-medium T -matrix is close to 1, with deviations up to 30% for high ω. Within this level of precission we can approximate the structure function as:
where Γ depends on the astrophysical conditions of density, temperature and Y e , and s 0 = 1.3 represents a typical energy averaged value ofs(ω). In the following, we provide a numerical fit that captures the dependence of Γ on the astrophysical conditions. We consider three different regions with low, intermediate and high densities: (a) 10 −4 ≤ n B ≤ 10 −3 fm −3 and 2 ≤ T ≤ 10 MeV; (b) 10 −3 ≤ n B ≤ 10 −2 fm −3 and 6 ≤ T ≤ 24 MeV; and (c) 10 −2 ≤ n B ≤ 10 −1 fm −3 and 10 ≤ T ≤ 50 MeV. For all the above conditions, of Y e is smaller than 0.5. Due to isospin symmetry, values of Γ for Y e > 0.5 are identical to those for 1 − Y e .
For a given region, α, with α = a, b, c, we express Γ as a third order polynomial of T and Y e :
with f (α) a "correction" factor that depends on the degeneracy: 
